This paper contains a proof of the following fact. If a map / from a connected Riemannian manifold with an almost complex structure into a euclidean space has the following properties: (a) / is nondegenerate and (b) for almost all height functions, the linear Hessian of the composition with / commutes with the almost complex structure, then / is tight. This gives some information about the homology groups of the manifold. This result yields a new proof of a well-known theorem of R. Bott.
Introduction
This paper deals with tight smooth maps of a compact Riemannian manifold into a Euclidean space. Let Mn be a compact «-manifold, and let /: M" -► R be a C°° map. For each unit vector v e S ~ we may consider its "height function" hv(x) = (v, x) Vx e R . As in [5] we say that / above is nondegenerate if, for almost all vectors v e SN~l (i.e., for the complement of a set of Lebesgue measure zero), the function pv = (hvof) is a Morse function on M.
For a Morse function q> : M -► R, we denote by pk(<p) the number of critical points of index k and define p(ç>) -¿~2k pk(ç>) ■ Let F be a field and denote by fl¡(M, F) the j'th Betti number of M with coefficients in F . Let ß(M, F) = X),-ßj(M, F). The smooth function /: M" -► R is called tight [5] in case / is nondegenerate and, for any v e S for which <pv is a Morse function, it satisfies p(<pv) = ß(M, F). For the functions <pv which are Morse, we have at a critical point p the Hessian of <pvH(q>v), which is a nondegenerate symmetric bilinear form which can be realized by a symmetric linear operator on T (M),
We call Av the linear Hessian at p .
Remark. In connection with this notion of tightness see [6, Problem 1] .
The objective of the present paper is to prove In the next section we make the necessary remarks to get (1.2) as a corollary to ( 1.1 ) as well as some comments about the connections of ( 1.1 ) with the results of T. Frankel [3] and S. Kobayashi [4] . §3 contains the very simple proof of (1.1).
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In [3] T. Frankel studies 1-parameter groups of isometries on a compact Kahler manifold (M, g, J). His main result is an equality relating the Betti numbers of M (coefficients Q or Z for p prime) and those of the fixed point set of the group (see [3, p. 5] ). His proof relies on the construction of a function q>: M -► R whose critical submanifolds are exactly the components of the fixed point set of the group. The function tp constructed by Frankel has the properties of our / in (1.1) except that, since it goes to R, there is no need to consider the height functions and, in general, he does not want isolated critical points. In Corollary 2 (see p. 6) Frankel considers the case of isolated fixed points, and that corollary is a special case of (1.1); namely, the situation N = 1 . As another corollary of his main theorem Frankel obtains a proof of Bott's result (1.2) by considering the fixed point set of a maximal torus in M.
We must point out that the construction of Frankel's function, which even in the case of isolated fixed points is nontrivial, provides an example of the existence of functions with the properties required in (1.1).
We now give a proof of (1.2) directly as a consequence of (1.1).
Proof of (1.2). First we notice that the hypothesis of simple connectedness can be replaced by semisimplicity, and we recall the following fact which is well known and easy to prove.
(2.1 ) Lemma. If G is compact semisimple, a subgroup K c G is the centralizer of a torus in G if and only if there is an orbit of type G/K in the adjoint representation of G on its Lie algebra ^.
Then there is an element E e y whose orbit is G/K. We may take F in the center of 4 , the Lie subalgebra of p corresponding to K. In ß , as usual, we put the scalar product (X, Y) = -B(X, Y), where B is the Killing form in p, and so (p, ( , )) is a Euclidean space.
Define now f: M -* # by f(g ■ 0) = ad(g) • E Vg G G, where 0 = [K], and put on M the induced metric. We have to show / satisfies the conditions of (1.1). From Sard's theorem it follows that / is nondegenerate and, since / is an imbedding, it is well known that, for every height function hv , the Hessian of (hv o /) is given, at a critical point p , by the formula Note. ad(E): m. -► m is invertible and commutes with ad(c^) VÇe4. Now, from (2.4) and (2.5), we conclude that A* commutes with the almost complex structure at 0. Now the G-invariance of J and the fact that / is isometric and equivariant yield the same conclusion at every point of M. With this, formula (2.2) implies that the linear Hessian has the required properties, and the conclusion of (1.2) follows. D
The imbedding / in the proof of (1.2) is the one considered by S. Kobayashi in [4] for compact homogeneous Kahler manifolds. Since we took G semisimple after (2.1) our result yields a different proof for the simply connected case. However, as N. Kuiper 
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This section contains the proof of ( 1.1 ). Let v e S ' be a vector such that the function tpv is a Morse function, and let p be a critical point of <pv. Let A: TAM) -* TAM) be the linear Hessian at the point p. By condition (ii), A commutes with J in TAM), and this in turn implies that the subspace of TAM) corresponding to the negative eigenvalues is / -invariant. This clearly means that the index of tpv at the point p is even. Since p is an arbitrary critical point of <pv, we have />0 (>0 Then, from (3.1) and (3.2), we obtain ß(ip^ = X(M), which clearly implies that f is tight, ßA\M, F) = 0 for i odd and, since X(M) does not depend on F, the even dimensional homology modules have no torsion. This concludes the proof of ( 1.1 ). D
